We present the results of a multicanonical Monte Carlo study of flexible and wormlike polymer chains, where we investigate how the polymer structures observed during the simulations, mainly coil, liquid, and crystalline structures, can help to construct a hyperphase diagram that covers different polymer classes according to their thermodynamic behavior. 
Introduction
The phase transitions of homopolymer chains have been a topic of considerable interest in recent years [1] [2] [3] . A significant amount of work has been carried out to study the behaviour of these kind of many particles systems, mainly using Monte Carlo simulations in generalised ensembles [4] . Different potential models have been used to describe the interactions between monomers, typically the LennardJones (LJ) potential is employed for long range interactions, and the FENE potential for the interactions between bonded monomers [5] . * E-mail: sidsabeur@gmail.com In order to obtain accurate results and reduce computing times, much effort has been made by many groups to develop variants of the Monte Carlo algorithms based on the simulation of a random walk in energy space and the estimation of the density of states, such as multicanonical Monte Carlo method [6, 7] and Wang-Landau algorithm [8] . These new methods enhance the sampling of configurations in systems that exhibit disconnected low energy regions of configuration space. For the potentials cited above, different phase transitions have been observed. As the temperature is decreased, the homopolymer chain undergoes a transition from a coil state to a globular state and a second transition from liquid-globule state to a solid compact globule state at very low temperature [9] [10] [11] . Other types of potential models have also been used to study other kinds of transitions like the coil-helix transition and helix-helix transition. It is known that any kind of anisotropic potential or a large stiffness caused by the repulsive part of the potential, can favour the local formation of secondary structures like helices. Interesting results for these kind of transitions include those of Kemp and Chen [12] and more recently those of Bannermann et al. [13] , Magee et al. [14] and Vogel et al. [15, 16] . Although the transitions observed in polymer chain collapse processes are known to be of second order, the ground state is non-unique and highly depends on the potential models used in the simulations. It is interesting to combine different potential models in order to construct a hyper phase diagram that classify all the classes of polymers occurring at different values of the temperatures. The paper is organized as follows. In Sec. 2, we describe the potential models used in the present study. A brief background of the method used is provided in Sec. 3. The results are given in Sec. 4 and we conclude by the summary in Sec. 5.
Model
First, we have considered the case of a flexible polymer chain consisting of N identical monomers that interact pairwise via a truncated and shifted Lennard-Jones (LJ) potential
Where 6 ] is the standard Lennard-Jones potential, is the distance between two monomers located at and ( = 1 N) respectively.
Additionally, adjacent monomers are tied together by the finitely extensible non linear elastic (FENE) potential
Following the parametrisation of Ref. [9] , the LJ parameters are set to = 1, σ = 2
0 and the cut-off distance = 2 5σ . The two potentials U LJ and U FENE coincide at the minimum distance 0 = 0 7 and the later diverges for → 0 ± R with R = 0 3. K is a spring constant set to 40. The total energy of the polymer conformation = ( 1 N ) is thus given by
To extend this study to the case of wormlike polymer chains, we have also used a directional potential model that encourages the formation of helical structures. This model is taken directly from Ref. [12] . 45/8 are respectively the excluded-volume diameter and the attractive force range, where = 0 7 is the bond length between monomers. The values of these parameters for the square well potential are chosen to coincide with the Lennard-Jones potential [17, 18] . The exponent controls the strength of the anisotropy. Thus, we have set = 6 to produce perfect helical structures.
Finally, the total energy of the polymer chain in this case is given by [19] 
Here, is a positive constant parameter that represents the strength of the potential.
Simulation method
We have used the multicanonical Monte Carlo method where the Boltzmann distribution
is deformed artificially in a way to perform a random walk in energy space and produce a flat histogram, here (E) =
S(E)
is the density of states that connects the entropy to the energy, where β = 1/ B T is the inverse of the temperature [20] . Generic units are used in which the Boltzmann constant B ≡ 1. The canonical partition function of the polymer chain at temperature T is given
. A detailed analysis of the phase behavior of the polymer chain can be done by precisely estimating the density of states. Thus, the canonical probability is multiplied by a weight factor W (E) which is unknown, "a priori", and has been determined iteratively. The multicanonical energy distribution will be
The iterative procedure starts by setting the weight factor W 0 (E) for all energies, to unity. In the first run, a simulation is performed at infinite temperature under canonical distribution. In each simulation , ( = 0 1 2 ), an estimate of weight W (E) is obtained which yield an estimate of histogram H (E). The weights W +1 (E) =
have to be determined iteratively until the multicanonical histogram is almost "flat". 
In order to apply a two-dimensional multicanonical Monte Carlo simulation, we have combined the two potential models described in Sec. 2
Where U tot
We have also defined a parameter = helix / LJ as the potential strength ratio and during the simulation, LJ is set to 1 and helix is variable between 0 to 3. Some thermodynamic quantities were calculated as functions of temperature T and potential strength ratio such as average energy
and specific heat C ( T ) = (1/N)∂ E /∂T = ( E 2 − E 2 )/N B T 2 . The energy of the polymer chain is sampled using the pivot algorithm [21] which has been found very efficient and quickly producing conformations which are sufficiently uncorrelated [22] . 300 iterations have been calculated for the weights estimation with 3 × 10 5 MC sweeps in each iteration and 3 × 10 8 MC sweeps have been used in the production run. 10 independent simulations were averaged before calculating thermodynamic properties. An example of a flat histogram obtained at the end of the multicanonical Monte Carlo simulation for = 2 8, is shown in Fig. 1 . 
Results: Specific heat N=10
Fig . 2 shows the specific heat C ( T ) as a function of temperature for different values of the potential strength ratio . With increasing potential strength ratio, the pronounced peak at low temperature corresponding to the coil-globule transition, shifts slightly to lower temperatures. The maxima of the peaks decrease with increasing . The helix-helix transition is visible as a small shoulder below the freezing peak. The shoulders indicating these transitions become larger with increasing potentials strength ratio.
The conformational phase diagram is shown in Fig. 3 and is separated into four major regions: random coils and stiff rods (A and A * ), liquid globules (B), compact globules (C G) and compact helices (C H). For clarity, visual representation of homopolymer conformations corresponding to these regions, are depicted in Table 1 . At high temperature and near the flexible edge (low s values), the conformations are random-coil, this corresponds to phase A. By increasing the potential strength ratio in the A phase, the polymer chain has a stiff rod shape due to the restricted entropic freedom. In the C G regime at low and low T , there is a maximum number of pairwise monomer-monomer contacts. Therefore the polymer structure is solid and several symmetrical structures [10] can occur within the globule when is close to the flexible limit ( = 0). At low and intermediate T in phase B, the polymer chain behaves like a liquid where conformations are unstructured but have a compact shape. At high and low T , the polymer chain crystallizes abruptly from "vapor" phase A to solid ordered helical structures in phase C H. Recently, Vogel et al. [15, 16] have investigated the conformational phase diagram of flexible polymers with explicit thickness. They have identified four principal pseudophases in thickness-temperature parameter space la- beled respectively α for helices, β for sheets, γ for rings, and δ for stiff rods. Although they have simulated a different model, we can explore some similarities and differences in the phase diagrams. The structural change of sprawled random coils to a rodlike conformation in δ region due to the increase of thickness is quite similar to the passage from A to A * phases when the potential strength ratio is increased. In contrast to the conformations obtained for low potential strength values in our case, only secondary-structure segments like helices and sheets were dominant for low thickness values and the globular arrangements were not relevant. This difference confirms that the tube polymer concept restricts the conformational space significantly and it is suitable only for the classification of the secondary structures of specific polymers or proteins. Therefore, using a variant of the wormlike potential model seems to be a better choice for classifying a large variety of polymers as described in Ref. [23] . 
Summary
We have combined two potential models to investigate the phase behavior of different classes of polymers from flexible to semi-flexible depending on the potential strength ratio and temperature T for a N = 10 length polymer chain. We have used for this purpose a 2D multicanonical Monte Carlo simulation where we have obtained some results for the thermodynamic properties of short polymer chains. The hybrid potential model used in this study demonstrates its ability to capture the phase behavior of different polymer classes and also bridges the gap between recent studies on flexible and semi-flexible polymers, since the structural and thermodynamic properties deviate from those seen using a standard wormlike model [12] . We believe that this approach can give more insights for understanding polymer phase behavior.
In the present work, we have focused on the analysis of the thermodynamic properties of short polymer chains, since some structures like helices are not very long in nature, but the challenge remains, namely optimizing the method to simulate larger chain lengths. Furthermore, it is already challenging to get accurate data for the 10-mer in the entire parameter space. Also, due to the finite nature of the polymer chain investigated in this study, the transitions observed are not pure phase transitions and a microcanonical inflection-point analysis [24, 25] is necessary in a future work.
